The equilibrium value of an observable defines a manifold in the phase space of an ergodic and equipartitioned many-body system. A typical trajectory pierces that manifold infinitely often as time goes to infinity. We use these piercings to measure both the relaxation time of the lowest frequency eigenmode of the Fermi-Pasta-Ulam chain, as well as the fluctuations of the subsequent dynamics in equilibrium. We show that previously obtained scaling laws for equipartition times are modified at low energy density due to an unexpected slowing down of the relaxation. The dynamics in equilibrium is characterized by a power-law distribution of excursion times far off equilibrium, with diverging variance. The long excursions arise from sticky dynamics close to regular orbits in the phase space. Our method is generalizable to large classes of many-body systems.
The equilibrium value of an observable defines a manifold in the phase space of an ergodic and equipartitioned many-body system. A typical trajectory pierces that manifold infinitely often as time goes to infinity. We use these piercings to measure both the relaxation time of the lowest frequency eigenmode of the Fermi-Pasta-Ulam chain, as well as the fluctuations of the subsequent dynamics in equilibrium. We show that previously obtained scaling laws for equipartition times are modified at low energy density due to an unexpected slowing down of the relaxation. The dynamics in equilibrium is characterized by a power-law distribution of excursion times far off equilibrium, with diverging variance. The long excursions arise from sticky dynamics close to regular orbits in the phase space. Our method is generalizable to large classes of many-body systems.
Equipartition and thermalization have been central research topics in many-body interacting systems since the time of Maxwell and Boltzmann. The first computer experiment to attempt to observe equipartition starting from a microscopic reversible dynamical system was carried out in the 1950s by Enrico Fermi, John Pasta, Stanislaw Ulam and Mary Tsingou [1] . Now famous as the Fermi-Pasta-Ulam (FPU) paradox (for reviews see [2] [3] [4] [5] ), this experiment failed to find equipartition but instead revealed intriguing nonlinear dynamics -including the celebrated FPU recurrences [1] -which has challenged and puzzled researchers for more than 60 years (for a recent survey of the state of the art, see [4] ). In brief, attempts to understand the full dynamics, including the recurrences, led to the observation (and naming) of solitons [6, 7] and important developments in Hamiltonian chaos [8] . It is now known that these unexpected recurrences are linked to the choice of initial conditions used by FPU, which are set close to exact coherent time-periodic (or even quasiperiodic) trajectories, e.g. q-breathers, which show exponential localization of energy in normal mode space [9, 10] . Even if these trajectories have support of measure zero in the phase space, they might have a finite measure impact simply by being linearly stable [9] . Several other studies admit coherent time-periodic states localized in real space, which are known as discrete breathers or intrinsic localized modes [11] as well as time-quasiperiodic states [12] . These states can also be linearly stable and thus may have finite measure impact. Importantly, both discrete breathers and q-breathers have been experimentally observed in a large variety of physical settings [11, 13] . Thus the central question becomes: How does the presence of such coherent states of measure zero affect the dynamical properties of a thermalized many-body system? Interestingly there are only a few recorded numerical attempts to address this complex issue [14] [15] [16] [17] [18] [19] [20] [21] [22] . In our view, this is the result of the lack of a clear strategy which can go beyond the analysis of correlation functions. The computation of space-time correlation functions of dynamical observables obscures the understanding of a detailed correspondence between the equilibrium dynamics and coherent structures due to its event averaging.
Given a many-body system which possesses linearly stable coherent states, we need to choose an observable f (i.e., some function of the phase space variables) whose value is sensitive to the excitation of such states. We assume that the many-body system is thermalizing, or ergodic, i.e. that the phase space trajectory is evolving under the constraint of fixed total energy (and perhaps other conserved quantities) such that the time average f t ≡ f is independent of the actual chosen trajectory, up to a set of measure zero (like periodic orbits, which can persist even in the strongest chaotic flows). The actual value of f (t) will depend upon time t along a typical trajectory. As time goes to infinity the trajectory is then forced to pierce infinitely often a submanifold F f of codimension 1 which hosts all phase space points with f ≡ f . The submanifold can be considered as a generalized ergodic Poincaré section, which is fixed by the choice of f , the integrals of motion and the assumption of ergodicity. The time intervals between consecutive piercings will carry the information on whether (and when) the trajectory was visiting a sticky region in phase space. Hence we will study the statistics of these time intervals. In contrast to a correlation function, these are the statistics of trackable events and will always permit us to return to the event of interest, in order to inspect it microscopically. With this insight we also arrive at a novel quantitative dynamical characterization of the degree of equipartition of a given microscopical state, i.e. a point on the considered trajectory. Rather than using an entropy-like measure (e.g. the distance from the set F f ), it is the time the trajectory needs to reach and pierce F f which will decide whether the given configuration is in equilibrium or out-of-equilibrium type. In what follows we will apply the above ideas to the FPU system. The Hamiltonian of the α-FPU model [1] 
describes a finite monoatomic chain with N point masses connected by spring potentials which have quadratic (harmonic) and cubic (anharmonic) terms. Fixed boundary conditions are enforced through p 0 = p N +1 = q 0 = q N +1 = 0. Hamilton's equationsq n = ∂H/∂p n anḋ p n = −∂H/∂q n yield
The canonical transformation
with k = 1, . . . , N diagonalizes the harmonic part of H (α = 0 in (1)) with the normal mode momenta and coordinates {P k , Q k }. The mode energies and frequencies are
For α = 0 the mode energies become time-dependent and can be characterized using the normalized distribution ν k with k ν k = 1:
A common tool to monitor the degree of inhomogeneity of the distribution is the spectral entropy [23, 24] 
with 0 ≤ S ≤ S max = ln N . Its rescaled analogue is
Another equally common measure of inhomogeneity among the modes is the participation number P , which measures the number of strongly excited modes:
Both observables will fluctuate along the temporal evolution of a trajectory. Let us assume that their averages η , P −1 exist and can be computed using the Gibbs distribution (which follows from well-known general considerations of counting microstates or maximizing the entropy) Here Γ denotes the whole available phase space, and β is the inverse temperature. At low enough energies the anharmonic part (third term in Eq.(1)) will be a small correction and can be neglected when computing averages; its relevance is reduced to the highly important nonlinear mode interaction which is the crucial source of deterministic chaos and equipartition. The final integration using the Gibbs distribution (14) can be performed analytically [25, 26] with the results that
where γ ≈ 0.5772 is the Euler-Mascheroni constant. These averages define the equilibrium manifolds F η , F P which we will use for the subsequent analysis.
The original FPU computation [1] was performed for N = 32 particles with only the lowest frequency mode excited, Q 1 = 0 only. Then S(0) = 0 and η ≈ 0.1218 and 1/ P −1 = 16. Interestingly both Refs. [23, 24] used ad-hoc conditions to estimate the relaxation time towards equipartition , e.g. η = 0.1 in [23] . We will benchmark our data with the results of that work. The trajectory starts with η(0) = 1 η close to a regular periodic orbit localized in momentum space (a q-breather) [9] . A central target of many FPU paradox studies was to quantify the time this initial state needs to reach equipartition, if it ever does (e.g. [1, 23, 24, 27] ). Equipartition means equal mode energies on average. We define the FPU equipartition time T (η,P ) F P U as the time the trajectory needs to reach the corresponding manifold F η or F P . This is distinct from the ad-hoc definitions (η = 0.1, and η = 0 ignoring finite size corrections) used previously [23] . Once we have reached this equipartition time, we continue our computations. As time goes to infinity, the trajectory will cross the manifold F η,P infinitely often at the recorded piercing times t (η,P ) i
). The return times
measure the time intervals the trajectory spends off the equilibrium manifolds before piercing them again, with even and odd integers i discriminating between corresponding excursions into the two different phase space subspaces (e.g. η > η and η < η ). The computations were carried out using a symplectic SABA 2 C integrator with corrector [28, 29] , with a time step τ = 0.1; these choices keep the relative energy error of the order 10 −5 [26] . The system size is N = 32, and α = 0.25. The initial condition, unless stated otherwise, is P k (0) = 0, Q k (0) = Aδ k,1 which translates into a corresponding total energy E, and energy density = E/N (see [26] for details). We follow the time dependence of observables and also perform a window averaging over a time window which is 100 times shorter than the actual running time.
In Fig.1 we show the time evolution of the entropy η (upper plot) and the participation number P (lower plot) for different energy densities . The curves start at the unity at t = 0 (see Eq. (7) and (16)) and then settle to an intermediate value for a transient interval of time that increases as the energy density decreases. Finally, at t = T (η,P ) F P U the observables transit into the final equipartition plateau at values that approximate very well the predicted values of the observables at the equipartition, η and 1/ P −1 . The intermediate plateau corresponds to a metastable state, where all the mode energies E k are non-zero but assume an exponentially decaying profile [4, 27, 30] . The second plateau corresponds to the regime of equipartition, confirming the validity of the Gibbs distribution.
In Fig.2 we plot the FPU equipartition time T
(η)
F P U as a function of the density , along with the data from Ref. [23] , which show very good agreement. We also satisfactorily compared our data to the extrapolated equipartition times from Ponno et al [27] , see details in [26] . Moreover, both equilibrium manifolds F η and F P yield similar values for the equipartition time [26] . As noted previously, the equipartition time increases with decreasing energy density. Casetti et al. predicted the equipartition time at the original FPU energy density choice of = 0.00226 to be of the order of T crossover at ≈ 0.01. which was not reached by previous computations. A straight-forward extrapolation from this crossover (see dashed-dotted line in Fig.2 ) increases this time to T (η) F P U ≈ 10 14 or about 10 years of CPU time on our system. Remarkably the answer to whether the original FPU trajectory is thermalizing or not remains a very hard computational problem more than six decades after the first observation of the FPU paradox.
Let us now turn to the analysis of the equilibrium dynamics beyond the equipartition time. We compute the sets of return times (11) separately for the two different subspaces η > η and η < η . The probability distribution functions (PDFs) of these sets P ± (t r ) are shown for = 0.0566 in Fig.3 . In the subspace η > η , the dynamics exhibits algebraic tails in the PDF P + (t r ) ∼ t −δ r with an exponent 2 < δ < 3, which indicates a finite average (1st moment) t r but a diverging variance (2nd moment) t 2 r (see [26] on the numerical details of estimating δ). The exponent δ decreases with decreasing energy density , and it appears to saturate at a value δ ≈ 2.2. Note that for δ ≤ 2 the average t r would diverge. In contrast, the subspace η < η dynamics yields tails in P − (t r ) with finite moments; the tails are faster than algebraic but slower than exponential, presumably exponentials dressed with a power law.
The algebraic tails of the PDF of the return times with δ < 3 imply that the dynamics in phase space is with high probability getting trapped in some parts of phase space for long times, whose average is finite, but whose variance diverges. We conjecture that these trapping events are due to the trajectory visiting regions of the phase space which are substantially close to some regular (timeperiodic or even quasiperiodic) orbits. In order to verify this conjecture, we compute the averages of the mode energies over a given return event:
In Fig.4 we plot the event-averaged mode energies for two trapping events. We clearly observe a highly inhomogeneous distribution, with high-frequency (large k) modes being strongly excited on a background of many weakly excited modes. To further substantiate our observation, we show the correlation between the 1 st moment of the event-averaged mode energy distribution
versus the trapping event time t r . In Fig.5 (left plot), we observe that large return times t r imply large values of C ≈ N , signalling a tendency towards high frequency excitations. This is further supported by the corresponding computation of the participation number P of the eventaveraged mode energy distributions in Fig.5 (right plot) which show that large return times imply smaller values of P , a typical case of a strongly inhomogeneous distributions. Therefore the equilibrium FPU dynamics produces 
FIG. 5. C(tr)
(left plot) and P (tr)(right plot) for = 0.0566 (see text for details). The broad scattering of data is due to many independent events yielding similar return times tr.
sticky excursions with long duration to strongly excited high frequency modes. The properties of fluctuations in equilibrium should not depend on the choice of the trajectory, in accord with the assumption of equipartition and ergodicity. We tested that by launching various other trajectories, e.g. exciting one high frequency mode, or several modes with different frequencies (not shown here). We observed that the statistics of return times is universal and not depending on the choice of the initial state.
As follows from Fig.3 , the exponent δ ≥ 3 for > 0.2. At these energies the first moments of P ± (the averages of the return times) become comparable to the variance, indicating the absence of any long-time specific events of sticking. For smaller energy densities, the exponent δ < 3, signaling a divergence of the variance of P + . This appears to be a fingerprint of highly probable sticky events -the trajectory can get frequently trapped by regular structures in phase space for substantial times. As follows from the inset in Fig.3 , the exponent appears to saturate at a value 2.2 for the smallest probed energy densities. It remains to be understood, whether that saturation holds for even smaller energy densities.
Algebraic tails in correlation functions or distributions of trapping times have been previously studied for lowdimensional dynamical systems with a mixed phase space [31, 32] , and related to the hierarchic fractal structure of the phase space at regular island boundaries. However higher phase space dimensions destroy the simple mixed phase space picture, preventing the use of this simple argument for the observation of algebraic tails [33] . In the present work we derive a well-defined sectioning at equilibrium, and a clear interpretation of the presence of algebraic tails in terms of temporal excitation of coherent states, like time-periodic q-breathers.
We arrived at a general method to analyze the relaxation from non-equilibrium states and the equilibrium fluctuations of interacting many-body systems. The essence is to identify the relevant coherent excitations which will be the cause of stickiness, and to choose a proper observable f which can detect these events. The corresponding equilibrium value f defines the codimension 1 equilibrium manifolds, and the subsequent statistical analysis of the equilibrium fluctuations. When algebraic tails are observed in contrast to exponential cutoffs, the divergence of suitably high moments of the distribution indicates sticky dynamics. When the exponent δ < 3, the non-equilibrium excursions into sticky events start to dominate the dynamics. Finally when δ ≤ 2 the first moment diverges indicating the loss of ergodicity altogether. We expect therefore that our method can be used for a broad set of other cases where nonergodic fluctuations affect the dynamics of many-body systems , such as ultracold atomic gases in optical potentials approximated by the discrete Gross-Pitaevsky equation, or networks of weakly interacting superconducting grains, among others.
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SUPPLEMENTAL MATERIAL 1. Gibbs average of P and η
In this section we calculate the average values P −1 and η that define the equilibrium manifolds F η and F P . These averages are obtained using the Gibbs distribution
where Γ denotes the whole available phase space, and β is the inverse temperature.
For the low values of the total energies discussed in our letter, the anharmonic part of the Hamiltonian (see main text) can be neglected in the Gibbs integral -its relevance is reduced to the highly important nonlinear mode interaction which is the crucial source of deterministic chaos and equipartition. Then it follows H ≈ k E k where E k are the normal mode energies (see main text). Thus
Recall the definition
The denominator is the square of the total conserved energy (up to the neglected anharmonic part) and hence does not fluctuate in time. Its grand canonical equivalent is
With Eq.(15) it follows
The definition of η reads
where
with 0 < S(t) < S max = ln N and S(0) = 1. It follows
With the above approximation of neglecting the small contribution of the anharmonic terms we obtain
The integral yields [25] :
where γ ≈ 0.5772 is the Euler-Mascheroni constant. With that we find
Finally from Eq. (18), where S max = ln N , it follows that To integrate in time the FPU chain, we use a symplectic integration scheme SABA 2 C proposed in [28] , which is an improved version of the SABA 2 scheme. The SABA 2 scheme consists in separating the Hamiltonian H in two integrable parts H = A + B, each one with solutions e tL A and e tL B . The SABA 2 scheme of integrating the coupled differential equations of motion is defined as
where c 1 =
and c 2 =
The corrector term e τ L C is the solution of the Hamiltonian C = {{A, B}, B}, which adds two more matrix operations:
where g = 2− √ 3
2 . Further details can be found in [28, 29] . In the FPU case, the Hamiltonians A and B are respectively
while the Hamiltonian C is
The operators e τ L A , e τ L B and e τ L C propagate the coordinates x(t) = (p(t), q(t)) = (p, q) at time t to the coordinates
In our simulations we used τ = 0.1. With this time step, the SABA 2 C yields a relative error of the energy density ∆ = | (t) − (0)|/ (0) of the order of 10 −5 (Fig.6 ).
Relation between the initial mode amplitude A and the energy density
The initial condition chosen in our work corresponds to the FPU choice [1] , which consists in exciting the lowest frequency mode in the space coordinate q n while keeping the conjugate momenta p n identically zero: 
The total energy
which yields the energy density
In order to help the interested reader to compare data from different publications using different notations, we show in Tab 4. Comparison of TF P U with the data from Ponno et al. [27] In Ref. [27] , the nonlinear parameter is α = 0.33. A simple rescaling relates the corresponding data to our results obtained for α = 0.25. Consider (p n (t), q n (t)) to be a solution of the FPU chain for a given α. Consider a different nonlinear parameterᾱ. Given the ratio ϑ =ᾱ/α, we define a rescaling of the solutions
It follows that this trajectory solves the FPU Hamiltonian equations withᾱ as the nonlinear parameter. The amplitude of the initial state is rescaled asĀ = A/θ and the energy (and the energy density) is rescaled asĒ = E/θ 2 . In Ref. [27] a system size of N = 31 was used; thus we recomputed our equipartition times T F P U for that case. The corresponding data in Ref. [27] were obtained from an extrapolation of the energy flow from strongly to weakly excited normal modes.
In Fig.7 we compare our equipartition times T F P U for α = 0.25 with those from Ponno et.al. for α = 0.33. The blue triangles (Ponno et.al. data) and the red squares (our data) are in very good agreement.
Comparing Different Ergodic Poincaré Sections
The choice of different observables f yields different generalized ergodic Poincaré sections F f . From the observables chosen in this work (the participation number P Eq. (16) , and the spectral entropy η Eq. (18) and (19)), we obtained two equipatition times: T (η) F P U and T (P ) F P U . In Fig.8 we show the relative distance ∆T F P U = |T Most of the distances are close to zero, indicating that the two equipartition times measured using different observables are very close. Two exceptions are observed for large energies. At these energies the equipartition times are getting shorter, indicating stronger chaos, which could be a reason for the observed amplification of differences.
CPU type
Numerical simulations presented in the paper has been performed on the Massey Cluster Simurg, which uses Intel Xeon CPU E5-2670 processors; and on the PCS-IBS Cluster, which uses Intel E5-2680v3 processors.
Fitting δ in the tails of P+(tr)
We obtain the PDF using bins equispaced on a logarithmic scale. This choice allows a more precise evaluation of the exponent δ. Note that the conversion to the correct equidistant binning on a linear scale changes the exponent power-law regression of the function P ± (t r ) performed on intervals of decreasing length I in the PDF tail, by fixing the upper interval edge t MAX r and varying the lower edge t MIN r . In Fig.9 we show the computations of the estimates for energy densities ranging from 0.0204 to 0.145.
